Abstract. In this paper we describe a method to establish when a symplectic 6-manifold M with semi-free Hamiltonian S 1 -action is unique up to isomorphism (equivariant symplectomorphism). This method will rely on a study of the symplectic geometry of the reduced spaces and a gluing procedure along regular levels. We prove that if the reduced spaces satisfy a rigidity condition, then the manifold M is uniquely determined by its fixed point data. We analyze some cases where even less information classifies M . In particular we can prove that there is a unique family (up to isomorphism) of 6-dimensional symplectic manifolds with semi-free S 1 -action and isolated fixed points.
introduction
Let (M, ω) be a 2n dimensional compact, connected, symplectic manifold, and let {Λ t } = Λ : S 1 −→ Symp(M, ω) be a symplectic circle action on M , that is, if X is the vector field generating the action, then L X ω = dι X ω = 0. Recall that the action is semi-free if it is free on M \M S 1 , i.e. the only weights at every fixed point are ±1, 0. A circle action is said to be Hamiltonian if there is a C ∞ function H : M −→ R such that ι X ω = −dH. Such a function is called a Hamiltonian for the action. This function is unique if we normalize it by requiring the minimum of H to be 0. H is a perfect Morse-Bott function and its critical points are the fixed points for the circle action. We will denote by HSymp 2n the class of manifolds (M, H, ω) with semi-free Hamiltonian circle actions with normalized Hamiltonians.
In this paper we will provide a mechanism that allows to classify manifolds (M, H, ω) up to isomorphism, i.e. equivariant symplectomorphism. The idea is to investigate how to reconstruct M from its local data L(M ) and what type of information determines the local data. L(M ) can be thought as an atlas for Hamiltonian S 1 -actions. It will be (roughly speaking) given by neighborhoods of the critical levels of H called critical germs and open submanifolds where the action is free called free slices. We also include in L(M ) gluing maps on the overlaps of the germs and free slices. This information will be enough to reconstruct M , as proved in Theorem 2.5. We show that up to certain equivalence relations, L(M ) determines the manifold M up to isomorphism. This works for all Hamiltonian S 1 -actions. The main task of this paper is to describe the local data in terms of more intrinsic invariants. In order to accomplish that, one has to make certain concessions. First, to describe the germs we restrict to the case when all critical levels have (co)index at most 2. In this case, because the reduced spaces M λ are all smooth, we can apply the well-known Guillemin-Sternberg cobordism theorem [GS89] (c.f. Theorem 3.1) to describe the germs in terms of the fixed point data, as we now define. Definition 1.1. The fixed point data of M at a critical value λ of (co)index 2 consists of the triple (M λ , F λ , ω λ ) as well as the bundle P λ −→ M λ at λ. Here F λ is the fixed point set at λ as a submanifold of M λ and ω λ is the reduced symplectic structure.
The fixed point data of M is the collection of all above tuples for all λ of (co)index 2, and the maximum and minimum submanifolds (F max , ω max ), (F min , ω min ) with their respective normal bundles in M .
Note that this fixed point data contains more information than that used by Li in [Li03b] (cf. Remark 4.3). In general, the fixed point data do not determine the isomorphism type of the free slices. However, as we will see in Lemma 3.7 this isomorphism type will be unique if the reduced spaces M λ and the path reduced forms ω t on M λ for regular values t have the rigidity property, defined as follows. Definition 1.2. Let B a symplectic manifold. A tuple (B, {ω t } t∈I ), where {ω t } t∈I is a family of symplectic forms on B, is said to be rigid if (i) Every deformation between any two cohomologous forms can be homotoped with fixed endpoints into an isotopy. (See more details in §3) (ii) Symp(B, ω t ) ∩ Diff 0 (B) is path connected for all t ∈ I.
The gluing maps we consider are defined so that near the critical levels we can identify, along regular levels, the free slices and the germs. This construction is motivated by the work of [Li03a] but it differs in the fact that we glue along an open submanifold instead of just one level. In this situation, the gluing does not depend on the choices. Using these methods we can prove the following result. Theorem 1.3 (Weak classification Theorem). Let (M, H, ω) ∈ HSymp 2n and let C(M ) be its set of critical values. Suppose that each non-extremal λ ∈ C(M ) has (co)index 2 and that all the reduced spaces M λ are rigid. Then (M, H, ω) is determined by its fixed point data up to equivariant symplectomorphism.
In order to illustrate the method in other situations, we will discuss explicit examples where even less information classifies the manifold. We restrict ourselves to the case dim M = 6 since we have two important advantages, all the non-extremal critical levels are simple and the reduced spaces are four dimensional. Therefore we can use established results on the unicity of the symplectic structures and on the topology of the group of symplectomorphisms. In this case, it is sometimes possible to describe the isomorphism class of M with less information, as the following theorem shows. Theorem 1.4. Let M ∈ HSymp 6 . Suppose that all the reduced spaces M λ are rigid and that the fixed point sets (F λ , ω λ ) are either surfaces or isolated fixed points. Then, the isomorphism class of M is uniquely determined by the critical values C(M ) and the tuples (M λ , F λ , ω λ ).
The most remarkable application of Theorem 1.4 is the following. Let Y n = S 2 × · · · × S 2 be the n-fold product of spheres and let σ be the canonical area form on S 2 . Provide Y n with the product symplectic form λ 1 σ × · · · × λ n σ that takes the value λ i > 0 on each of the spheres of Y n . Let the circle act diagonally on Y n in the standard semi-free Hamiltonian fashion. Y n is the only known example of a 2n-dimensional symplectic manifold that admits a semi-free circle action with isolated fixed points. Thus, it is natural to ask if this is the only manifold up to equivariant symplectomorphisms that has this property. In the case n = 2 the methods of Karshon [Kar99] answer this question positively. In the present paper we establish the result for n = 3, we have the following corollary of Theorem 1.4.
Corollary 1.5. Let M be a 6-dimensional symplectic manifold with a semi-free circle action that has isolated fixed points. Then, M is equivariantly symplectomorphic to Y 3 with the canonical product form for some λ i .
Here the λ i are in fact the critical levels of the (only) three fixed points of index 2. As we will see, our techniques will apply for n = 2 as well, providing an alternative proof without using Karshon's results. Plenty of information was known about these manifolds. In [TW00] it is proved that under the hypothesis of Corollary 1.5 the action must be Hamiltonian and there is an isomorphism of equivariant cohomology rings H *
In particular one knows exactly the number of fixed points for each index. The isomorphism above is such that takes Chern classes into Chern classes, thus by Wall [Wal66] M is diffeomorphic to Y 3 . Nothing was known about the symplectomorphism type of this manifold. A different approach to this problem is given in [Gon03] , where we proved that the quantum cohomology ring of M and Y 3 are isomorphic. The results in [TW00] , [Gon03] work in all dimensions. However the current techniques do not work in higher dimensions. This is because our rigidity arguments strongly rely on results in four dimensional symplectic geometry, which do not have higher dimensional versions. We finally note that the proof of Theorem 1.5 does not use Wall's theorem, in contrast to previous methods.
As a last remark, we point out that it seems possible to remove the semi-free assumption from Theorems 1.3 and Corollary 1.5. In this case one has to deal with generalizations of our tools to the orbifold category. Fortunately the work of L. Godinho [God01, God04] gives some hope in this direction.
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General Setting for the Gluing
In this section we will be using the term Hamiltonian S 1 -manifold referring to triples (M, H, ω), where M is a closed, smooth, connected 2n-manifold, ω a symplectic form on M and H is a normalized Hamiltonian function on M that generates a circle action compatible with ω on M . Although we will be working with general, not necessary closed manifolds, we will always think of them as (isomorphic to) submanifolds of a closed one, say M . Therefore, we sometimes will not make explicit the presence of the symplectic form. We will use the notation HSymp 2n referring to the class of Hamiltonian S 1 -manifolds, closed or not, up to isomorphism. Here (M, H, ω) and (
1 -manifold and denote by
The set C(M ) is invariant under isomorphism. We now describe how to get pieces of M by localizing to critical levels using the hamiltonian. This is, for each ε > 0 consider the neighborhood L −1 (λ − ε, λ + ε) of the level set L −1 (λ), and for λ, λ ′ ∈ C(M ) take the open submanifold L −1 (λ, λ ′ ). In this paper we are interested on knowing what is needed to reconstruct M if one just knows the isomorphism type of the pieces L −1 (λ − ε, λ + ε) and L −1 (λ, λ ′ ). In general one would need to specify how to glue these pieces to get back to M . To see what type of gluing maps are allowed, suppose that (Y, H), (Z, K) are manifolds isomorphic to the pieces L −1 (λ − ε, λ + ε) and L −1 (λ, λ ′ ) respectively. Note that one is tempted to glue Y and Z along their overlap, that is we want to identify H −1 (λ, λ + ε) and K −1 (λ, λ + ε) through isomorphisms, to obtain back a manifold isomorphic to L −1 (λ − ε, λ ′ ) such that Y and K are symplectic submanifolds. Therefore one need to consider a maximal set of gluing maps with this property. One may think of these data as a symplectic atlas of compatible Hamiltonian charts for M . We now provide the precise formalism that allows this to work.
Definition 2.1. Let λ ∈ R and let ε 0 > 0.
(i) A cobordism at λ is a tuple (Y, H, ǫ) such that 0 < ǫ < ε 0 and Y is a Hamiltonian S 1 -manifold whose Hamiltonian function H takes Y onto I ǫ = (λ − ǫ, λ + ǫ) and λ is the only critical value of H. Moreover we require that if
A critical germ G(λ, ε 0 ) at λ is an equivalence class in HSymp 2n of such tuples. (ii) Similarly, consider tuples (Y, H, ǫ) as above where the only critical value of H is its minimum (maximum) value λ.
We have a similar equivalence relation between them as before. An equivalence class m(λ, ε)(M (λ, ε)) is called a minimal (maximal) germ at λ.
We will often refer to critical, maximal or minimal germs just as germs. Note that if δ < ε, there is a natural restriction map G(λ, ε) −→ G(λ, δ). The triples (Y, H, ǫ) as in Definition 2.1 (ii) are neighborhoods of the maximal and minimal sets. To see this, first note that there is a unique maximum component F max of the fixed point set [AB84] . Then by using an equivariant version of the Darboux Theorem applied to points in F max , there is a triple of the form (Y, H, ǫ) for ǫ small enough. Moreover, its maximal germ is determined uniquely by the symplectomorphism type of F max and its normal bundle. A similar remark applies to the minimum. Definition 2.2. Let I be an open interval. A free slice is a tuple (Z, K, I, ω) where K : Z −→ I is a surjective moment map for a free S 1 -action on the symplectic manifold (Z, ω). We say that two slices (Z, K, I, ω) ∼ (Z ′ , K ′ , I, ω ′ ) are equivalent if they are isomorphic. We denote by F (I) an equivalence class of such slices.
Definition 2.3. Let G(λ, ε) be a germ at λ and let F (I) be a class of free slices
) is given by a pair (φ, ǫ) where 0 < ǫ < ε and φ is an isomorphism
Two gluing maps (φ, ǫ), (φ ′ , ǫ ′ ) are equivalent if there are ǫ ′′ < min(ǫ, ǫ ′ ) and isomorphisms
such that the following diagram is commutative.
(1)
is an equivalence class of pairs (φ, ǫ). This maps are well defined by Diagram (1). Analogously one can define gluing maps for F (I) and the germ G(λ, ε) when I = (λ, λ ′ ). Note that this definition also applies if we substitute the germ G(λ, ε) by a maximal or a minimal one.
Recall that we are interested in building symplectic manifolds out of germs and free slices. We now describe the simplest case where we can do that. Suppose we have G(λ, ε) and F (λ, λ ′ ) a germ and a class of free slices, we want to see how to obtain a new manifold via a gluing class Φ :
is the restricted isomorphism on the interval (λ, λ + ǫ).
) is another set of choices, there exist 0 < ǫ ′′ < min(ǫ, ǫ ′ ) < ε and isomorphisms f, g as in the commutative Diagram (1). Therefore, by restricting the gluing maps and f, g to the open interval (λ, λ + ǫ ′′ ) one gets that φ(x) = y if and only if
Denote by G(λ, ε) ∪ Φ F (I) the isomorphism class produced by this gluing. Note that the Hamiltonian function on this new manifold is the one defined by (H, K) : Y ⊔Z −→ (λ−ε, λ ′ ) after passing to the quotient. Therefore this is a well defined operation in HSymp 2n . Conversely, the neighborhoods (H, K)
Then we have the following lemma.
Lemma 2.4. Suppose we have given a germ of cobordism G(λ, ε), a free slice F (λ, λ ′ ) and a gluing class Ψ :
Then we can associate a unique isomorphism class
It is clear that we can apply the same idea to define a gluing of the form
. Similarly, when we have maximal and minimal germs M (λ, ε), m(λ ′ , ε) one can construct manifolds
It is important to note that order of the gluing does not matter provided ε is small enough.
To reconstruct M , we would like to define this process more generally. We want to glue more general data, as we now explain. A set of local data L consists of:
• a collection C = {0 = λ 0 < · · · < λ s+1 } of critical levels.
• germs G(λ i , ε i ) at ε i for all i = 1, . . . , s, minimal and maximal germs
• for all j = 0, . . . , s, equivalence classes of free slices F (I j ) where
As an example consider (M, ω, H) ∈ HSymp 2n . Its localizations H −1 (λ − ǫ, λ + ǫ), and the free sets H −1 (λ, λ ′ )
for ǫ > 0 and λ, λ ′ ∈ C(M ) define the germs and free slices. Then the local data associated to M , denoted by L M , is the collection of all the isomorphism classes of these sets and the gluing classes on the overlaps. Now we have the following theorem.
Theorem 2.5. Given a set of local data L, there exists a closed Hamiltonian S 1 -manifold M L such that its associated set of local data is L. Moreover, this manifold is unique up to isomorphism, this is we have a one-to-one association { Sets of local data } −→ HSymp 2n
Proof. Consider representatives
On the disjoint union
define the equivalence relation by
and then M L is a closed symplectic manifold whose isomorphism class is completely determined by the local data L, since another set of choices would give an isomorphism as in Equation (2). Finally, to see that the association L → M L is one-to-one, we proceed as before, by considering the localizations of M L at the critical levels with the Hamiltonian H L . One can see that this recovers L.
2
As a last note, we clarify that for the rest of this paper we will treat isomorphic manifolds as equal, unless we specify the contrary.
3. The gluing, the reduced spaces and the classification theorem Most of the background material for this section can be found in [MS98] and [GS89] . Let (M, H, ω) ∈ HSymp 2n . Let t ∈ R be a regular value of H. Then S 1 acts freely on the level set H −1 (t). The orbit space M t := H −1 (t)/S 1 is called the reduced space of M at the level t. This space is symplectic with the reduced symplectic form ω t . The fibration π :
is the total space of the principal S 1 bundle P t . Let λ be a critical value of H and let F ⊂ H −1 (λ) be the fixed point set in this level. Although the quotient M λ := H −1 (λ)/S 1 may be singular, if the Morse index of λ is 2 (resp. coindex 2) it can be identified with the non-singular space M λ−ǫ (resp. M λ+ǫ ) [GS89] in such a way that we have a reduction principal S 1 -bundle
Note that if dim M = 6 all the non-extremal critical values have (co)index 2. If λ has (co)index 2 the fixed point set F is an embedded submanifold of M λ . By considering the Hamiltonian −H, we can assume that all the results about index 2 critical values have similar results for index 4 as well.
The main goal of this article is to provide a method to classify symplectic manifolds up to some equivalence. We now introduce the precise definitions of common relations in symplectic geometry that we will use in this paper. Consider two symplectic forms ω 0 , ω 1 on a manifold X. This forms are said to be symplectomorphic if there is a diffeomorphism f : X −→ X such that f * ω 1 = ω 0 . A deformation between ω 0 , ω 1 is a (smooth) family {ω s } of symplectic forms that join them. A deformation is an isotopy if the elements in the family {ω s } all lie in the same cohomology class. It is well known (Moser's lemma) that two symplectic forms are isotopic if and only if there is a family of diffeomorphisms {h s } on X such that h * s ω s = ω 0 and h 0 = id. The concepts of isotopy and deformation are in general not equivalent (cf. Example 13.20 in [MS98] ), but for some special cases as we will see in Theorem 4.1, they agree. For the objectives of the present work, manifolds where this two propierties agree will be a key ingredient as we will see in Lemma 3.7.
When the manifolds are equipped with circle actions, we will make the natural assumption that all the deformations and maps are S 1 -equivariant.
3.1. Germs at critical levels of index 2 and the change in the fixed point data. We now describe the germ G(λ, ε) when λ is a critical value of index 2 and the action is semi-free. We will follow entirely [GS89] (see also [MS98] ). Let (M, ω) be a symplectic manifold and let S ⊂ M be a closed submanifold. For ǫ > 0 small enough, we denote by Bl S (M ) and β : Bl S (N ) −→ N the ǫ-symplectic blow up of M along S and the blow-down map as defined by Guillemin and Sternberg [GS89] . The construction of the manifold Bl S (M ) depend on several choices 1 , but its diffeomorphism type is independent of them. Bl S (M ) admits a blow-up symplectic structure denoted by ω(ǫ). This form is not independent of the choices 2 , but its germ of isotopy classes is. This is, if ω ′ (ǫ) is the form obtained by making different choices, then for some ε 0 small enough there exist a smooth family f ǫ ∈ Diff(M ) such that f * ǫ ( ω(ǫ)) = ω ′ (ǫ) for all 0 < ǫ < ε 0 . With this in mind, assume we have the following data i) a compact symplectic manifold (M ,ω) ii) a symplectic submanifold F ⊂M iii) a principal S 1 -bundle π : P −→M iv) a connection 1-form α on P v) an interval I = (λ − ǫ, λ + ǫ) for (small) ǫ > 0. Then it is possible to create a cobordism (Y (λ), H, ω) ∈ HSymp 2n having the following properties.
(a) H maps Y (λ) onto I. Here ω(t) is the t-blow up form and β : Bl F (M ) −→M is the blow down map. (f) The fixed point set at λ is F . Theorem 3.1 (Guillemin-Sternberg cobordism theorem). Let (M, K, ω) ∈ HSymp 2n and λ be an index 2 critical value. Let I = (λ−ε, λ+ε) be a sufficiently small interval in R. Then, the open submanifold K −1 (I) is equivariantly symplectomorphic to the manifold (Y (λ), H, ω) as described above. Moreover, the germ G(λ, ε) ∈ HSymp 2n of M at λ only depends on the fixed point data (M λ , F λ , ω λ ), P λ −→ M λ at λ.
Note that the reduced space of M at the level λ + ǫ is obtained from the reduced space at the level λ by blowing up. An immediate corollary of Theorem 3.1 is the following.
Corollary 3.2. If (M, H, ω) ∈ HSymp 2n is a manifold such that every nonextremal λ ∈ C(M ) is simple, then all the germs of cobordism are completely determined by the fixed point data, as in Definition 1.1. Figure 1 . The cobordism around an isolated fixed point p of index 2. Here we assume that the minimum is also isolated. The base of the figure represents CP 2 and the top the blow-up CP 2 #CP 2 . If the fixed point is of index 4 this cobordism is up-side down.
We now describe the change in the fixed point data. Let ν be the normal bundle of the fixed point submanifold F λ in M . The normal bundle decomposes as a sum ν + ⊕ ν − of positive and negative directions. Observe that a small neighborhood of the zero section of ν is S 1 -isomorphic to a neighborhood
Denote by X t the symplectic reduction of U − at t if t ≤ λ or the reduction of U + at t if t > 0. The diffeotype of the triple (P t , M t , X t ) depends smoothly on t for t ∈ (λ − ǫ, λ] and it is constant. Denote it by (P − , M − , X − ) where X − = F λ . Similarly, we denote the common diffeotype for t ∈ (λ, λ + ǫ) by (P + , M + , X + ).
The relation between them is quite subtle as we now see. By Theorem 3.1, M + is the blow up of M − along X − . Let β : M + −→ M − be the blow down map. β restricts to a diffeomorphism M + − X + onto M − − X − , and when restricted to X + it is a fibration β : X + −→ X − whose fibers are all diffeomorphic to CP k−1 . Here 2k is the codimension of X − in M − . Denote by L ′ the line bundle on M + whose Chern class is dual to its codimension 2 submanifold X + . Let L be the circle bundle associated to L ′ . Then we have [GS89, Formula 13.3]
Note that the construction of L depends only on the normal bundle of X + in M + , and hence on the pair (M − , X − ) = (M λ , F λ ). Then P + is given in terms of
We now see examples on which the relation between P − and P + is easy to depict.
Example 3.3. Suppose F 1 is an isolated fixed point p ∈ M . The relation between the Euler classes e(P 1 ) and e(P 2 ) is clear. If the index of p is 2, let E be the exceptional divisor in B 2 that is introduced after we blow up B 1 at p and let PD(E) ∈ H 2 (M ) be its Poincaré dual. Then we have e(P 2 ) = β * e(P 1 ) + PD(E).
If p has coindex 2, then B 2 is obtained by blow down B 1 at an exceptional divisor E. In this case β * e(P 2 ) = e(P 1 ) + PD(E).
Example 3.4. Suppose codim F 1 = 4 and that the index of F 1 = 2. By Lemma 5 in McDuff [McD88] all the reduced spaces M t for t ∈ I, t = λ 1 are all diffeomorphic, to B 1 say. In particular B 2 is diffeomorphic to B 1 . Moreover
where F 1 is embedded in B 1 . If dim M = 6 this case applies when F 1 is a surface.
3.2. The isomorphism type of free slices. As before, let (M, H, ω) ∈ HSymp 2n . Suppose λ ′ < λ are two consecutive critical values of H. The interval J = (λ ′ , λ) is a maximal set of regular values of H. Thus S 1 acts freely on the open set H −1 (J). Let I = [t 0 , t 1 ] ⊂ J. Let (M t , ω t ) be the reduced spaces for t ∈ I. The classic Duistermaat-Heckman Theorem establishes that the reduced spaces M t are all identified with the reduced space B = M t0 for a fixed point t 0 ∈ I. The diffeomorphism type of H −1 (I) is then given by P t0 × I. If ω t is the reduced symplectic form at the regular level t, then they define a path of symplectic structures on B. Their cohomology classes satisfy
Our aim is to understand the isomorphism class of H −1 (I). To accomplish that, suppose that we have two invariant symplectic forms ω and ω ′ on P × I and that there is an equivariant diffeomorphism φ : P × I −→ P × I such that φ * (ω) = ω ′ . By considering the reduction at t, φ defines a family φ t : B −→ B of maps such that the following diagram
is commutative. Here we are denoting by φ t the restriction of φ to the level t. Note that (φ t ) * (ω t ) = ω ′ t , where the forms ω t , ω ′ t are the symplectic reductions of ω, ω ′ . Moreover φ t preserves the Euler class e(P ) for all t ∈ I.
It is not hard to see that given any smooth family of maps f t : B −→ B such that (f t ) * ω t = ω ′ t and (f t ) * e(P ) = e(P ) lifts to a family of isomorphisms f t : P −→ P that make Diagram (7) commute. Therefore, these maps bundle together to a diffeomorphism f : P × I −→ P × I such that f * (ω) = ω ′ . In fact the isomorphism type of H −1 (I) is given by the following lemma.
Lemma 3.5 (Proposition 5.8 in [MS98] ). The symplectic manifold H −1 (I) is determined by the bundle P −→ B and the family ω t up to an equivariant symplectomorphism.
For simplicity of notation, assume that I = [0, 1]. The discussion above motivates the following definition. Definition 3.6. Two families {ω t } t∈I and {ω ′ t } t∈I of symplectic forms on B satisfying Equation (6) are said to be equivalent if there is a smooth family {ω s,t } of symplectic forms such that
for 0 ≤ t, s ≤ 1. We denote byω I the equivalence class of the path {ω t } t∈I on B.
Note that if {ω t } ∼ {ω ′ t }, there is an isotopy ω s of forms on P × I that lifts ω s,t and such that ω 0 = ω, ω 1 = ω ′ . By Moser's lemma, we have a family of maps f s : P × I −→ P × I such that f * s ω s = ω. In our case there will be only one of these equivalence classes. This is basically a property of rigid manifolds, as we now see.
Lemma 3.7. Suppose B is a manifold such that every deformation between two cohomologous forms can be homotoped to an isotopy. Consider two families of symplectic forms {ω ′ t }, {ω t } t ∈ I on B whose cohomology classes satisfy Equation (6) and such that ω 0 = ω
, we see that ω t is cohomologous to ω ′ t for all t. We want to see that there is a family of symplectic forms {ω s,t } 0≤s,t,≤1 such that for each fixed t the path ω s,t is an isotopy from ω t to ω To see that D is closed, take T be such that 0 < T ≤ 1 and T − ǫ ∈ D for every ǫ > 0 small. The path Let β s such isotopy with β 0 = ω T and β 1 = ω ′ T . Again, by Moser's argument, we can suppose β s can be extended in a small neighborhood of T . That is, for an ǫ > 0 there is a family β s,T −ǫ of symplectic forms which is homotopic to β s .
On the other hand, because of the hypothesis on T , we have T −ǫ ∈ D. Thus there is a family ω s,t that satisfies Equation (8), for all t ∈ [0, T − ǫ]. The concatenation of the two isotopies ω s,T −ǫ , −β s,T −ǫ defined by
(after smoothing) defines a loop at ω T −ǫ in the space of symplectic structures S(a) with fixed cohomology class a = [ω T −ǫ ].
By using the fibration
there is a lift {f s } s∈ [0, 2] in Diff 0 (B) such that f 0 = id and f * s (γ s ) = ω T −ǫ for all s. Since the fibre Symp(B, ω T −ǫ ) ∩ Diff 0 (M ) is path connected, we can assume that f 2 = id as well.
The map
satisfies Equation (8) for 0 ≤ s ≤ 1, T − ǫ ≤ t ≤ T and agrees with ω s,t at t = T − ǫ. After smoothing, we see that ω s,t can be extended to all t ≤ T viaβ s,t . Then T ∈ D. This proves that D is closed.
We would like to emphasize where our argument fails if Symp(B, ω T −ǫ )∩Diff 0 (M ) is not path connected. In this case, we cannot consider f 2 to be the identity and then h 0 = id. For our boundary conditions, we need the extensionβ 0,t to agree with ω t for T − ǫ ≤ t ≤ T . We cannot conclude that if h 0 is not the identity.
Note that by exhaustion of closed intervals I in J = (λ ′ , λ), we can assume that any two paths of forms ω t , ω ′ t , t ∈ J are equivalent. In the particular case when λ has index 2 by Theorem 3.1 one can assume that J = (λ ′ , λ] and that B = M λ . In this case, by Lemma 3.7 any two paths of symplectic structures ω t , ω ′ t , t ∈ (λ, λ ′ ] that satisfy Equation (6) are equivalent as well. Note that this immediately forces any two gluing maps to be equivalent. Therefore we have the following. Proposition 3.8. Suppose that λ has index 2 and that (M λ , {ω t } t∈I ) is rigid. Then, any path of symplectic forms satisfying Equation (6) is equivalent to ω t . Therefore the isomorphism class of the free slice H −1 (λ ′ , λ) is unique up to isomorphism. Moreover, there is unique gluing class between germs at λ and free slices on (λ ′ , λ).
A similar result follows when λ ′ has index 4. Now we are ready to prove the results in the introduction.
Proof of Theorem 1.3. Recall that (M, H, ω) ∈ HSymp 2n and C(M ) is the set of critical values. We are assuming that each non-extremal critical value λ ∈ C(M ) = {λ 0 , . . . , λ s+1 } has (co)index 2 and that all the reduced spaces M λ are rigid. Therefore, by Theorem 3.1 and Proposition 3.8 the free slices, germs, and gluing maps are completely determined by the fixed point data. Hence the local data L(M ) will be determined as well. Then by Theorem 2.5 the result will follow. 2
Proof of Corollary 1.4. Recall that we are assuming that for each λ ∈ C(M ) the fixed point submanifolds (F λi , ω λi ) are isolated or surfaces of index 2. Its minimal germ is determined by (F λ0 , ω λ0 ) . By taking the reduction at a level t close enough to λ 0 one gets the reduced bundle P λ1 −→ M λ1 . Examples 3.3, 3.4 show that the principal bundle P λ −→ M λ2 is then determined by the fixed point data at λ 1 . If we do this process at each λ we see that bundles P λ are actually determined by the minimal information we are assuming, that is the manifolds (F λ , ω λ ) for all λ ∈ C(M ). This determines the fixed point data of M . 2
Six dimensional examples
In this section we will apply our previous analysis to six dimensional examples. We will classify this manifolds by just knowing the minimal information required in Theorem 1.4. In §4.1 we will provide a complete analysis of the case when all the fixed points are isolated, that is we provide a proof of Theorem 1.5. 4.1. Example A. Assume that (M, ω) is a symplectic 6-manifold with a semi-free S 1 -action. If all the fixed points are isolated it is not necessary to assume that the action is Hamiltonian, it would follow from [TW00] . The fixed points are given as follows. The minimum, three critical points p 1 , p 2 , p 3 of index two, three q 1 , q 2 , q 3 of index four and a maximum. We will denote by λ i the critical values H(p i ). Without lost of generality we may assume the minimum value of H is zero, and that λ 1 ≤ λ 2 ≤ λ 3 . It is not hard to see [Gon03] that the fixed points of index 4 are in the level sets H −1 (λ i + λ j ), j = i and the maximum is the unique point in H −1 (λ 1 + λ 2 + λ 3 ) (See Figure 2) . Before going any further recall that we want to prove that M is isomorphic to Y 3 = S 2 × S 2 × S 2 with the product symplectic form ̟ = λ 1 σ × λ 2 σ × λ 3 σ. Here σ is the canonical area form on S 2 . We are assuming that the circle acts on Y 3 by e 2πit (x, y, z) → (e 2πit x, e 2πit y, e 2πit z).
Proof of Theorem 1.5. We start by noticing that there are essentially two cases to analyze, when λ 1 + λ 2 ≤ λ 3 and when λ 1 + λ 2 > λ 3 . The difference of this two cases is the order in which we reach fixed points. For simplicity, one can treat the first case since the second one is completely analogous. Our aim is to prove that the fixed point data of M is equivalent to the one of Y . Then as before Theorem 2.5 will finish the proof. Since the fixed points are isolated, by Theorem 1.4 we only need to show that the reduced spaces (Y t , ̟ t ) are rigid, this will prove that the manifold Y is unique, then the theorem will follow. It is not hard to see that the only reduced spaces that occur are CP 2 and the blow up CP 2 #kCP 2 for k = 1, 2, 3. ( See figure 2) . Theorem 4.1 and Lemma 4.2 now finish the proof.
2 r r r r r Figure 2 . The fixed points, their critical values and some reduced spaces of a manifold with isolated fixed points (Example A). Figures a) , b), c) and d) represent the reduced spaces for t in the intervals (0, λ 1 ), (λ 3 , λ 1 + λ 2 ), (λ 1 + λ 2 , λ 1 + λ 3 ), (λ 2 + λ 3 , λ 1 + λ 2 + λ 3 ) respectively. Note that as t −→ λ 1 + λ 2 the exceptional sphere L − E 1 − E 2 blows down. d) is the manifold obtained after blowing down the exceptional spheres L − E i − E j . a) and d) are diffeomorphic (via Cremona transformation) but the Euler class of the principal bundles associated to these reduced spaces differ by a sign.
Theorem 4.1 (McDuff, [McD98] ). Let X be a blow-up of CP 2 or a rational surface. 4 Then i) Any deformation of two cohomologous symplectic forms on X may be homotoped through deformations with fixed endpoints to an isotopy. ii) Any two cohomologous symplectic forms on X are symplectomorphic.
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Lemma 4.2 (Abreu, Gromov, McDuff, Lalonde, Pinsonnault). Let (X, ω) be CP 2 or the blow-up CP 2 #CP 2 with the symplectic forms ̟ t as above. Then the group Symp(X, ̟ t ) is path connected for all t. Similarly if (X, ω) denotes any of the blow ups CP 2 #kCP 2 for k ≤ 3, then the group Symp H (X, ω) of symplectomorphisms that induce the identity on H * (X) is path connected.
We shall not discuss the proof of this lemma, since the arguments are far from the context of the present work and they are contained in several papers. The reader can consult the original articles [Gro85] , [AM00] , [LP03] , [Pin] or the survey [McD03] for all of these cases. The technics involved are pseudo-holomorphic curves and the inflation procedure.
